Abstract. We define the notion of generalised Cayley-Abels graph for compactly generated locally compact groups in terms of quasi-actions. This extends the notion of CayleyAbels graph of a compactly generated totally disconnected locally compact group, studied in particular by Krön and Möller under the name of rough Cayley graph (and relative Cayley graph). We construct a generalised Cayley-Abels graph for any compactly generated locally compact group using quasi-lattices and show uniqueness up to quasi-isometry. A class of examples is given by the Cayley graphs of cocompact lattices in compactly generated groups. As an application, we show that a compactly generated group has polynomial growth if and only if its generalised Cayley-Abels graph has polynomial growth (same for intermediate and exponential growth). Moreover, a unimodular compactly generated group is amenable if and only if its generalised Cayley-Abels graph is amenable as a metric space.
Introduction
In [9] Krön and Möller studied the rough Cayley graph of a topological group G which they defined to be a connected graph X such that G acts transitively on the set of vertices of X and the stabilisers of the vertices are compact open subgroups of G. Every compactly generated totally disconnected locally compact group G has a locally finite rough Cayley graph; its vertex set can be realised as the homogeneous space G=U with respect to a compact open subgroup U . The construction of such a graph goes back to Abels [1] but was also discovered by Möller [10] and by Monod [11] . In this paper we call these graphs Cayley-Abels graphs as done for example in [5] . The Cayley-Abels graph was applied for example in [3] (under the name 'relative Cayley graph') to show that hyperbolic totally disconnected groups have flat rank at most 1.
The purpose of this paper is to generalise the definition of Cayley-Abels graph in such a way that it makes sense for any compactly generated locally compact group and give an indication of the usefulness of this notion in abstract harmonic analysis. We say that a uniformly locally finite connected graph X is a generalised Cayley-Abels graph of G if G admits a proper cobounded quasi-action on X.
P. Salmi
This definition requires that the notion of quasi-action is extended in a natural manner to the case when G is a locally compact group. The resulting generalised Cayley-Abels graph encodes the large-scale information of G and so gives a tool to study coarse geometry of locally compact groups.
In the case of compactly generated totally disconnected locally compact groups, the Cayley-Abels graph fits into our notion of generalised Cayley-Abels graph. To give further examples of generalised Cayley-Abels graphs, we shall show that the Cayley graph of a cocompact lattice in a compactly generated group is the generalised Cayley-Abels graph of the ambient group. We shall also construct the generalised Cayley-Abels graph of the affine group of the real line. Our constructions of generalised Cayley-Abels graphs, both in the abstract setting and in the example of the affine group, make use of quasi-lattices.
As an application of generalised Cayley-Abels graphs, we shall show that the growth of a compactly generated group can be described in terms of its generalised Cayley-Abels graph. Moreover, we shall show that when the compactly generated group is unimodular, it is amenable if and only if its generalised Cayley-Abels graph is amenable in the sense of [4] . The example of the affine group shows that unimodularity is a necessary assumption for this result.
Quasi-action
We start with some terminology from coarse geometry. When X is a metric space and A Â X, we write N r .A/ D ¹x 2 X W d.x; a/ Ä r for some a 2 Aº (and N r .x/ WD N r .¹xº/ for x 2 X ). Let C 1 and r 0 be constants. A map f W X ! Y between metric spaces is a .C; r/-quasi-isometric embedding if
for every x; y 2 X. In this case, f is a .C; r/-quasi-isometry if f is also r-coarsely onto, that is, Y D N r .f .X //. A coarse inverse of a quasi-isometry f W X ! Y is a quasi-isometry gW Y ! X such that for some r 0, we have d.g ı f .x/; x/ Ä r and d.f ı g.y/; y/ Ä r for every x 2 X and y 2 Y . A .C; r/-quasi-action of a locally compact group G on a metric space X is a map .s; x/ 7 ! s xW G X ! X satisfying the following conditions: (i) x 7 ! s xW X ! X is a .C; r/-quasi-isometry for every s 2 G,
(ii) d.e x; x/ Ä r for every x 2 X, where e denotes the identity of G,
.st / x/ Ä r for every s; t 2 G and x 2 X , (iv) K x is bounded whenever K Â G is compact and x 2 X .
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In the case of discrete groups, the notion of quasi-action has been used for example in [8, 12] . Note that in the discrete case condition (iv) is of course unnecessary.
We say that a quasi-action is cobounded if there is an r 0 such that for every x 2 X the map s 7 ! s xW G ! X is r-coarsely onto (it might be more descriptive to call such quasi-actions coarsely transitive, but we follow the the terminology of [12] ). To simplify the notation, we shall use the same 'r' to denote the constant associated with a .C; r/-quasi-action as well as the constant associated with coboundeness.
We say that a quasi-action is proper if for every R 0 and for every element x 2 X the set ¹s 2 G W d.s x; x/ Ä Rº is relatively compact. Note that if X is a proper metric space (i.e. all closed, bounded sets in the metric space X are compact), a quasi-action is proper if and only if for every compact set K Â X the set ¹s 2 G W s K \ K ¤ ;º is relatively compact (this latter condition agrees with the usual definition of proper action as in [6, p. 87] ).
'Compactly generated group' refers to a compactly generated locally compact group. We consider compactly generated groups as metric spaces equipped with the left-invariant word-length metric with respect to a generating set that is a compact symmetric neighbourhood of the identity. Given two compact generating neighbourhoods, one is contained in some power of the other (and vice versa), so the choice of the generating set does not affect the quasi-isometry class of the metric space, that is, two different generating sets give quasi-isometric spaces.
Let G be a compactly generated group. We say that two quasi-actions .s; x/ 7 ! s xW G X ! X and .s; y/ 7 ! s yW G Y ! Y on metric spaces X; Y are quasi-conjugate if there is a quasi-isometry W X ! Y and a constant R 0 such that
.s x/; s .x// Ä R for every s 2 G and x 2 X. In the following lemma, which generalises [8, Proposition 2.1] to our situation, we define a quasi-action on any metric space to which G is quasi-isometric. The quasi-action is defined by conjugating the action of G on itself with a quasi-isometry, and so the resulting quasi-action is naturally quasiconjugate to the action of G on itself.
Lemma 2.1. Let G be a compactly generated group and X be a metric space. Suppose that W G ! X is a quasi-isometry and W X ! G is its coarse inverse.
Then s x D .s .x//, for s 2 G and x 2 X , defines a proper cobounded quasiaction of G on X.
Proof. It is easy to check that we indeed have a quasi-action. Coboundedness is also immediate because is coarsely onto and G .x/ D G. [2] , we say that a metric space X is c-coarsely geodesic, with c 0, if for every x; y 2 X there is f W OE0; a ! X such that f .0/ D x, f .a/ D y and
for every s; t 2 OE0; a. The map f is called a c-coarse geodesic from x to y. Lemma 2.2. Let G be a locally compact group that has a proper cobounded quasi-action .s; x/ 7 ! s xW G X ! X on a coarsely geodesic metric space X. Then G is compactly generated and for any fixed x 2 X the map s 7 ! s xW G ! X is a quasi-isometry. Moreover, the quasi-action of G on X is quasi-conjugate to the left action of G on itself.
Proof. Let C 1, r 0 and c 0 be constants such that X is c-coarsely geodesic and G has a .C; r/-quasi-action on X. Fix x 2 X. Choose R D C.2r Cc C1/C4r and let K be a compact symmetric neighbourhood of the identity containing the set ¹s 2 G W d.s x; x/ Ä Rº (K exists because the quasi-action is proper). We shall first show that K generates G.
Let u 2 G n K and let n 2 be the unique integer such that
Let f W OE0; a ! X be a c-coarse geodesic from x to u x. Put y 0 D x, y n D u x and y i D f .R r c C i 1/ for i D 1; 2; : : : ; n 1. Then put s n D u and for each i D 1, . . . , n 1 choose s i 2 G such that y i 2 N r .s i x/, using coboundedness. Then s 1 2 K and for every i D 1, . . . , n 1
49 It follows that K generates G, so we may define d G as the word-length metric on G with respect to K. Another consequence of the preceding calculation is that for every s; t 2 G with s 1 t … K there is n 2 such that s 1 t 2 K n and
Including the case when s 1 t 2 K, we have
which exists because K is compact. For every s 1 , s 2 , . . . , s n in K, we have
by the preceding calculation. As the quasi-action is cobounded, the map W s 7 ! s x is coarsely onto, and so it is a quasi-isometry. Finally, for every s;
so the action of G on itself is quasi-conjugate to the quasi-action of G on X, as the latter is coarsely associative. 
Generalised Cayley-Abels graph
In this section we shall give the formal definition of the generalised Cayley-Abels graph and consider two classes of examples of generalised Cayley-Abels graphs, namely, the Cayley-Abels graphs of totally disconnected compactly generated groups and the usual Cayley graphs of cocompact lattices in compactly generated groups. Both classes include the Cayley graphs of finitely generated discrete groups. As a further example not belonging to either of these classes, we shall construct the generalised Cayley-Abels graph of the affine group of the real line. We shall consider graphs as discrete metric spaces consisting of vertices and equipped with the graph metric. A graph is said to be uniformly locally finite if it is locally finite with bounded degrees.
Let G be a compactly generated locally compact group. A generalised CayleyAbels graph of G is a uniformly locally finite, connected graph X such that G has a proper cobounded quasi-action on X .
The notion of quasi-lattice is important for our constructions of generalised Cayley-Abels graphs. Let X be a metric space. A subset A Â X is r-coarsely
Lemma 3.1. Let X be a coarsely geodesic metric space and let be a quasilattice in X. Then there is a graph structure on that makes a uniformly locally finite, connected graph that is quasi-isometric to X.
Proof. Fix c 0 such that X is c-coarsely geodesic and r 0 such that
We declare that vertices x; y 2 , x ¤ y, are adjacent if d.x; y/ Ä 2r C c C 1. We denote the resulting graph metric on by d , but of course we still need to check that is in fact a connected graph so that d is well defined. Given x; y 2 , let f W OE0; a ! X be a c-coarse geodesic from x to y. Similarly to the proof of Lemma 2.2, put y k D f .k/ for integers 0 < k < a and pick x k 2 \ N r .y k /. Put x 0 D x and x n D y where n D dae. Then for every k D 0; 1; : : : ; n 1 d.x k ; x kC1 / Ä 2r C c C 1;
and so x k and x kC1 are adjacent. This shows that is connected as a graph and moreover, that
On the other hand, the definition of the graph metric d immediately yields
It follows that equipped with the graph metric is quasi-isometric to X.
As is a quasi-lattice in X, there is M > 0 such that j \ N 2rCcC1 .x/j Ä M for every x 2 X . In particular, M is a uniform bound on the degree of vertices, and so is uniformly locally finite.
A set
The following result gives the existence and the uniqueness of generalised Cayley-Abels graph. It should be compared with [9, Theorems 2.2 and 2.7+] that give the existence and the uniqueness of Cayley-Abels graphs of totally disconnected compactly generated groups, but note that our argument is completely different from those in [9] . Theorem 3.2. There exists a generalised Cayley-Abels graph for any compactly generated locally compact group G. The generalised Cayley-Abels graph of G is unique in the sense that the quasi-actions of G on two of its generalised CayleyAbels graphs are quasi-conjugate.
Proof. Let V be a relatively compact neighbourhood of the identity. As G is -compact, we may construct a maximal right uniformly discrete set X Â G with respect to V using induction (in general, maximal right uniformly discrete sets exist by Zorn's lemma). We shall first show that X is a quasi-lattice in G.
Fix a compact symmetric neighbourhood K of the identity such that K generates G, and consider G as a metric space equipped with the word-length metric with respect to K. There is an integer n such that V V 1 Â K n , and so X is n-coarsely dense in G. For any given m > 0, the set K m can be covered by finitely many, say M , right translates of V . Fix y 2 G. Since X is right uniformly discrete with respect to V , no right translate of V may contain more than one point of the form x 1 y with x 2 X . Therefore jX \ yK m j Ä M , and so X is a quasi-lattice.
By Lemma 3.1 we can give X a graph structure such that X becomes a uniformly locally finite, connected graph. Moreover, X equipped with the graph metric is quasi-isometric with G. By Lemma 2.1 there is a cobounded proper quasi-action of G on X . Consequently, X is a generalised Cayley-Abels graph of G. The Cayley-Abels graph of a totally disconnected compactly generated group G is a locally finite connected graph X such that G acts transitively on the set of vertices of X and the stabilisers of the vertices are compact open subgroups of G. The above definition is based on the definition of rough Cayley graph in [9] . The following lemma implies that a Cayley-Abels graph is a generalised Cayley-Abels graph in our sense. Lemma 3.3. Suppose that G is a totally disconnected compactly generated group and that X is a Cayley-Abels graph of G. Then the action of G on X is cobounded and proper.
Proof. The action is cobounded because it is transitive. Since the stabilisers of the vertices of X are compact, every set of the form ¹s 2 G W s x D yº, where x and y are fixed vertices of X , is compact. Given x 2 X and R > 0, let F be the collection of all the vertices y 2 X such that d.x; y/ Ä R. As F is finite due to local finiteness of X, it follows that the set
is compact. Hence the action is proper.
Combining the preceding result with Theorem 3.2, we see that any generalised Cayley-Abels graph of a totally disconnected compactly generated group is quasi-conjugate to a Cayley-Abels graph, and so the quasi-action is in this case quasi-conjugate to an isometric action.
The following result generalises [9, Corollary 2.11] concerning the totally disconnected case. Here we say that a subgroup H of G is cocompact if the quotient space G=H is compact. The first statement of the result is known.
Lemma 3.4. Suppose that G is a compactly generated group and H is a closed cocompact subgroup of G. Then H is compactly generated and the generalised Cayley-Abels graph of H may be viewed as the generalised Cayley-Abels graph of G.
Proof. Consider the left action of H on G equipped with the word-length metric. As H is cocompact, the action is cobounded. Given x 2 G, the set
is compact, so the action is also proper. Lemma 2.2 implies that H is compactly generated and quasi-isometric to G. This in turn implies that if X is any generalised Cayley-Abels graph of H , then G has the necessary quasi-action on X by Lemma 2.1.
As a special case of the preceding result, we see that if a compactly generated group G has a cocompact lattice (i.e. a cocompact discrete subgroup), then the Cayley graph of is the generalised Cayley-Abels graph of G. To show that X determines the generalised Cayley-Abels graph of G, it suffices to show by Lemmas 2.1 and 3.1 that X is a quasi-lattice in .G; d /. Let y D .u; a/ 2 G be arbitrary. Choose n 2 Z such that jn log aj Ä 1=2 and then m 2 Z such that je n u mj Ä 1=2. Put x D .e n m; e n /. Then and so
and so
That is 2e
Therefore n Ä log a C R, and by symmetry jn log aj Ä R.
Assuming that y D .u; a/ is fixed, let n D log a C k be an integer such that jkj Ä R. Then (3.2) implies that
and it follows that jm e k a 1 uj Ä q 2.e 2R 1/:
So we obtain a uniform bound on the number of possible choices of x D .e n m; e n / such that d.x; y/ Ä R once y is fixed. Therefore X is a quasi-lattice in .G; d / as required.
Growth
In this section, we shall show that compactly generated groups have the same growth as the associated generalised Cayley-Abels graphs. In the setting of totally disconnected compactly generated groups and their Cayley-Abels graphs, Krön and Möller obtained this result in [9, Theorem 4.4] . Let G be a locally compact group generated by a compact symmetric neighbourhood K, and denote the left Haar measure of G by . Recall that G has polynomial growth if .K m / is bounded by a polynomial in m, intermediate growth if it does not have polynomial growth but lim sup .K m / 1=m D 1, and exponential growth otherwise. The definitions are independent on the choice of K. The growth of a connected locally finite graph is defined similarly, replacing .K m / by the cardinality of vertices in N m .x 0 /, where x 0 is a fixed base point. Note that the growth does not depend on the chosen base point, although the actual values of jN m .x 0 /j may.
We now fix notation for the rest of the section. Let X be a generalised CayleyAbels graph of a compactly generated group G. Let C 1 1 and r 1 0 be the constants associated with the quasi-action of G on X. Let K Â G be a compact symmetric neighbourhood of the identity such that K generates G, and consider G a metric space with the word-length metric defined with respect to K. Fix a base point x 0 2 X and let C 2 1 and r 2 0 be constants such that s 7 ! s x 0 is a .C 2 ; r 2 /-quasi-isometry. Finally, let T be a maximal right uniformly discrete subset of G with respect to K, and recall that G D TK 2 . To simplify notation, write C WD C 2 ; moreover, we assume that C and r are integers. (i) e A is right uniformly discrete with respect to K.
(ii) M r jAj Ä j e Aj Ä M r jAj where M is a uniform bound on the degree of vertices in X. The third statement holds because we have d.s x 0 ; t x 0 / Ä r for some t 2 e A (by Lemma 4.1), and hence d G .s; t / Ä Cd.s x 0 ; t x 0 / C C r 2 Ä 2C r:
As for the fourth statement, now d G .s; t / Ä m for some t 2 e A, so It follows that
and hence
as N m .x 0 /e is right uniformly discrete with respect to K. Combining now (4.1) and (4.2) we see that X and G have the same growth.
Amenability
In this section, we shall relate the amenability of a compactly generated group to the amenability of its generalised Cayley-Abels graph, where the latter means amenability as a metric space, as defined in [4, Section 3] . Following [4] , we say that a metric space is of coarse bounded geometry if there exists a quasi-lattice in X. This property is easily seen to be invariant under quasi-isometries. Note also that a uniformly locally finite, connected graph is of coarse bounded geometry. In a metric space X, the c-boundary of a set A Â X is
Consider a metric space X of coarse bounded geometry, and let be a quasi-lattice in X . Then X is amenable if for every c > 0 and > 0 there is a finite set A Â such that In particular, amenability does not depend on the choice of the quasi-lattice. Moreover, it follows from Lemma 2.2 that the generalised Cayley-Abels graph of a compactly generated group G is amenable if and only if G is amenable as a metric space with respect to the word-length metric. Hence the main result of this section implies that a unimodular G is amenable as a metric space if and only if it is amenable as a locally compact group. Recall that a locally compact group G is amenable if and only if for every > 0 and for every compact F Â G containing the identity there is a non-null compact
(This slightly unusual formulation of amenability is due to Emerson and Greenleaf [7] ; see also [13, Theorem 4.13] .) It turns out that with our choice of notation, the right-handed version of the above definition is actually the right one: replace FL with LF and the left Haar measure with the right Haar measure. However, we shall only consider the unimodular case, so the latter part of the remark may be ignored: is both left and right invariant.
Theorem 5.1. Suppose that G is a unimodular compactly generated group. The generalised Cayley-Abels graph of G is amenable if and only if G is amenable.
P. Salmi
Proof. We continue with the notation set up in Section 4. Suppose first that the generalised Cayley-Abels graph X is amenable. As every compact set is contained in some K m , it is enough to deal with these sets. Given an integer m and > 0, choose a finite set A Â X such that j@ C mC2.C 2 C1/r Aj jAj < :
Define L D e AK 2C r .
Claim 1.
We have LK m n L Â .@ C mC2.C 2 C1/r A/eK 2C r .
Let s 2 LK m n L. Then s 2 e AK mC2C r , and so Consequently, X is amenable.
The unimodularity assumption of the preceding theorem is necessary: the affine group of the real line is amenable as a locally compact group, but as shown in Section 3, its generalised Cayley-Abels graph is quasi-isometric to the hyperbolic plane, which is not amenable as a metric space [14, Example 3.47].
Corollary 5.2. Suppose that G 1 ; G 2 are unimodular compactly generated groups that are quasi-isometric. Then G 1 is amenable if and only if G 2 is amenable.
Corollary 5.3. Suppose that G is a compactly generated group and that is a cocompact lattice in G. Then G is amenable if and only if is amenable.
